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A temperature-dependent viscodamage model is proposed and coupled to the temperature-dependent
Schapery’s nonlinear viscoelasticity and the temperature-dependent Perzyna’s viscoplasticity constitu-
tive model presented in Abu Al-Rub et al. (2009) and Huang et al. (in press) in order to model the non-
linear constitutive behavior of asphalt mixes. The thermo-viscodamage model is formulated to be a
function of temperature, total effective strain, and the damage driving force which is expressed in terms
of the stress invariants of the effective stress in the undamaged conﬁguration. This expression for the
damage force allows for the distinction between the inﬂuence of compression and extension loading con-
ditions on damage nucleation and growth. A systematic procedure for obtaining the thermo-viscodamage
model parameters using creep test data at different stress levels and different temperatures is presented.
The recursive-iterative and radial return algorithms are used for the numerical implementation of the
nonlinear viscoelasticity and viscoplasticity models, respectively, whereas the viscodamage model is
implemented using the effective (undamaged) conﬁguration concept. Numerical algorithms are imple-
mented in the well-known ﬁnite element code Abaqus via the user material subroutine UMAT. The model
is then calibrated and veriﬁed by comparing the model predictions with experimental data that include
creep-recovery, creep, and uniaxial constant strain rate tests over a range of temperatures, stress levels,
and strain rates. It is shown that the presented constitutive model is capable of predicting the nonlinear
behavior of asphaltic mixes under different loading conditions.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Hot Mix Asphalt (HMA) is a highly complex composite which
can be considered to be consist of three scales: (a) the micro-scale
(mastic), where ﬁne ﬁllers are surrounded by the asphalt binder;
(b) the meso-scale, ﬁne aggregate mixture (FAM), where ﬁne
aggregates are surrounded by the mastic; and (c) the macro-scale
which includes all the coarse aggregates surrounded by FAM.
Numerous experimental studies have shown that the material re-
sponse of HMA is time-, rate-, and temperature- dependent and
exhibits both recoverable (viscoelastic) and irrecoverable (visco-
plastic) deformations (e.g. Perl et al., 1983; Sides et al., 1985;
Collop et al., 2003). It is well recognized that asphalt binders exhi-
bit nonlinear behavior under high strains or stresses. Since the
stiffness of aggregates is several orders of magnitude greater than
that of the binder, the occurrence of strain localization in the bin-
der phase is a common phenomenon which causes the binder to
behave nonlinearly in the HMA. Moreover, rotation and slippagell rights reserved.
: +1 979 845 6554.
u Al-Rub).of aggregates and interaction between binder and aggregates dur-
ing the loading can also contribute to nonlinear behavior of HMA
(Masad and Somadevan, 2002; Kose et al., 2000). The evolution
of micro-cracks and micro-voids and rate-dependent plastic (visco-
plastic) hardening are other major sources of nonlinearity in the
thermo-mechanical response of HMA.
The viscoelastic response of HMA can be well-predicted using
Schapery’s nonlinear viscoelasticity model (Schapery, 1969) as
recently shown by Huang et al. (2007) and Huang et al. (in press).
In fact, Schapery’s single integral model is widely being used to
model the behavior of viscoelastic materials such as polymers
(e.g. Christensen, 1968; Schapery, 1969, 1974, 2000; Sadkin and
Aboudi, 1989; Haj-Ali and Muliana, 2004; Muliana and Haj-Ali,
2008). Furthermore, Touati and Cederbaum (1998), Haj-Ali and
Muliana (2004), Sadd et al. (2004) and Huang et al. (2007) have
developed numerical schemes for implementation of Schapery’s
constitutive model in ﬁnite element (FE) codes.
In terms of the viscoplastic behavior of asphalt mixes, the
Perzyna’s theory (Perzyna, 1971) has been used by several
researchers for predicting the permanent deformation in HMA.
For example, Seibi et al. (2001) and Masad et al. (2005, 2007) have
used Perzyna’s viscoplasticity along with the Drucker–Prager yield
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modeled using linear elasticity. Saadeh et al. (2007), Saadeh and
Masad (2010) and Huang et al. (in press) coupled the nonlinear vis-
coelasticity model of Schapery and Perzyna’s viscoplasticity model
to simulate more accurately the nonlinear mechanical response of
HMA at high stress levels and high temperatures. However, the
changes in the material’s microstructure during deformation cause
HMA materials to experience a signiﬁcant amount of micro-
damage (micro-cracks and micro-voids) under service loading
conditions, where speciﬁc phenomena such as tertiary creep,
post-peak behavior of the stress–strain response, and degradation
in the mechanical properties of HMA is mostly due to damage and
cannot be explained only by viscoelasticity and viscoplasticity con-
stitutive models. Models based on continuum damage mechanics
have been effectively used to model the degradations in materials
due to cracks and voids (e.g. Krajcinovic, 1984; Kachanov, 1986;
Lemaitre, 1992; Lemaitre and Desmorat, 2005). Masad et al.
(2005) included isotropic (scalar) damage in an elasto-viscoplastic
model for HMA that has been modiﬁed by Saadeh et al. (2007),
Saadeh andMasad (2010) and Graham (2009) to include Schapery’s
nonlinear viscoelasticity. However, they did not include the effects
of time-, rate-, and temperature on damage nucleation and growth.
In fact, there are few studies that couple damage to viscoelasticity
in order to include time and rate effects on damage evolution (e.g.
Schapery, 1975, 1987; Harper, 1986, 1989; Simo, 1987; Sjolind,
1987;Weitsman, 1988; Peng, 1992; Gazonas, 1993). Schapery’s vis-
coelastic-damage model (Schapery, 1975, 1987), which has been
modiﬁed by Schapery (1999) to include viscoplasticity, is currently
used to reasonably predict the damage behavior of asphaltic mate-
rials (e.g. Kim and Little, 1990; Park et al., 1996; Park and Schapery,
1997; Lee and Kim, 1998; Chehab et al., 2002; Underwood et al.,
2006; Kim et al., 2007; Sullivan, 2008, and the reference quoted
therein). This model is based on: (1) the elastic–viscoelastic corre-
spondence principle based on the pseudo strain for modeling the
linear viscoelastic behavior of thematerial; (2) the continuum dam-
age mechanics based on pseudo strain energy density for modeling
the damage evolution; and (3) time–temperature superposition
principle for including time, rate, and temperature effects. How-
ever, the limitations of Schapery’s viscoelastic–viscoplastic-damage
model are: (1) it can be used only to predict viscoplasticity and
damage evolution due to tensile stresses; and (2) it treats asphaltic
materials as linear viscoelastic materials irrespective of tempera-
ture and stress levels. Another attempt is made by Uzan (2005) to
develop a damaged-viscoelastic–viscoplastic model for asphalt
mixes, but the model is valid for one-dimensional problems and
cannot be used for multiaxial state of stress.
Because of the complex behavior of HMA, the coupling of the
nonlinear thermo-viscoelasticity, thermo-viscoplasticity, and tem-
perature- and rate-dependent damage (thermo-viscodamage)mod-
eling seems inevitable.However, surprisingly, very limitedworkhas
been focusing on the development of such models, and the current
study attempts to close this gap and develops a robust model that
overcomes the limitations of the current models for HMA.
A challenge in themodelingofHMA is that damagenucleationand
growth depend on temperature, rate of loading, and deformation his-
tory. Various experimental data under uniaxial and multiaxial pro-
portional/non-proportional loadings have shown that the damage
response of HMA materials depends on the time, temperature, and
loading rate (e.g. Abdulshaﬁ and Majidzadeh, 1985; Scarpas et al.,
1997; Lu and Wright, 1998; Seibi et al., 2001; Collop et al., 2003;
Kim et al., 2005, 2008; Masad et al., 2007; Grenfell et al., 2008). The
term ‘‘thermo” in this paper is used to address the temperature-
dependent behavior of HMA materials; whereas the term ‘‘visco” is
referred to time- and rate-dependent behavior of HMAmaterials.
Several rate-dependent damage models have been used to
predict the tertiary creep response of elastic media which is mostlyreferred to as creep-damage. Kachanov (1958) was the ﬁrst to
introduce a scalar called continuity and proposed an evolution
law for creep-damage. Odqvist and Hult (1961) showed that under
some conditions the Kachanov’s approach coincides with an earlier
theory of cumulative creep-damage proposed by Robinson (1952).
Afterwards, Rabotnov (1969) stated that damage also affects the
strain rate and proposed a modiﬁed equation for creep-damage
evolution. Later, various types of creep-damage evolution laws in
terms of stress, strain, and energy potentials have been proposed
by other researchers (e.g. Belloni et al., 1979; Cozzarelli and
Bernasconi, 1981; Lee et al., 1986; Zolochevsky and Voyiadjis,
2005; Voyiadjis et al., 2003, 2004; Sullivan, 2008). Although many
papers are devoted to improve equations for damage evolution
laws in elastic media for different loading conditions (one can refer
to the books by Krajcinovic (1984), Kachanov (1986), Lemaitre and
Chaboche (1990), Lemaitre (1992), Voyiadjis and Kattan (1999),
Skrzypek and Ganczarski (1999) and Lemaitre and Desmorat
(2005)), very few damage models have been coupled to nonlinear
viscoelasticity and viscoplasticity along with rate- and tempera-
ture-dependent damage constitutive equations in order to predict
the mechanical response of materials at different temperatures,
stress levels, and strain rates as should be done for HMA.
The main objective of this paper is to develop a general, single,
and useful material constitutive model for predicting the macro-
scopic behavior and evolution of damage in HMA materials under
different loading conditions. This model combines nonlinear ther-
mo-viscoelastic, thermo-viscoplastic, and thermo-viscodamage
evolution equations, and is implemented into thewell-known com-
mercial ﬁnite element codeAbaqus (2008) via the usermaterial sub-
routineUMAT. This generalmodel employs the Schapery’s nonlinear
viscoelastic model to predict the recoverable strain, whereas the
viscoplastic strain ismodeled using Perzyna’s viscoplasticity theory,
similar to the recentwork byHuang et al. (in press). The emphasis in
this paper is placed on extending the work of Huang et al. (in press)
by formulating a thermo-viscodamagemodel basedonphenomeno-
logical aspects, which allows the combined constitutive model to
predict phenomena such as tertiary ﬂow, post-peak stress–strain
response, and temperature- and rate-dependent behavior of HMA
materials. The model is used to analyze the experimental data of
HMA mixtures subjected to creep-recovery at different tempera-
tures in order to obtain the thermo-viscoelastic and thermo-
viscoplastic model parameters as outlined by Abu Al-Rub et al.
(2009). In addition, a number of creep tests are used to calibrate
the thermo-viscodamage model. Consequently, the model is used
to predict creep-recovery, creep, and constant strain rate tests at dif-
ferent temperatures, strain rates, and stress levels.
The outline of this paper is as follows: In Section 2model formu-
lation for the coupled nonlinear viscoelastic, viscoplastic, and visco-
damagemodels is presented. In Section 3, the numerical algorithms
and computational implementation of the constitutive equations in
theﬁnite element codeAbaqus (2008) are presented. Determination
of the model parameters and model calibration is presented in
Section 4. In Section 5, the implemented model is validated by
comparing the model predictions and HMA response using a set of
creep-recovery, creep, and constant strain rate tests over a range
of temperature, stress levels and strain rates. A parametric study
on the effects of temperature and viscodamage model parameters
is conducted in Section 6. Final conclusions are drawn in Section 7.2. Constitutive model
2.1. Nomenclature
Notations and symbols used in this paper are summarized in
Table 1.
Table 1
Nomenclature.
Symbol Deﬁnition Symbol Deﬁnition
e Total strain tensor / Damage density variable
enve Nonlinear viscoelastic strain tensor Y Damage force
evp Viscoplastic strain tensor Cu Damage viscosity parameter
e Deviatoric strain tensor Y0, q, k Damage model parameters
ekk Volumetric strain D0, DD Instantaneous and transient creep compliances
evpe Effective viscoplastic strain Dn, kn Prony series’ coefﬁcients
eToteff Total effective strain g0, g1, g2 Viscoelastic nonlinear parameters
r Stress tensor w Reduced time
S Deviatoric stress tensor aT, as, ae Temperature, strain or stress, and environmental shift factors
rkk Volumetric stress WR Pseudo strain energy
I1 First stress invariant _cvp Viscoplastic multiplier
J2, J3 The second and the third deviatoric stress invariants f, g Viscoplastic yield and potential functions
G, K Shear and bulk moduli v Viscoplastic dynamic yield surface
J, B Shear and bulk compliances Cvp Viscoplastic viscosity parameter
m Poisson’s ratio U Overstress function
d Kronecker delta N, a, b, j0, j1, j2, d Viscoplastic model parameters
‘‘–” Designates the effective conﬁguration T Temperature
f Continuity scalar h1, h2, h3 Temperature coupling term parameters
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2.2. Total strain additive decomposition
The total deformation of the HotMix Asphalt (HMA) subjected to
an applied stress can be decomposed into recoverable and irrecover-
able components, where the extent of each is mainly affected by
time, temperature, and loading rate. In this study, small deforma-
tions are assumed such that the total strain is additively
decomposed into a viscoelastic (recoverable) component and a
viscoplastic (irrecoverable) component:
eij ¼ enveij þ evpij ; ð1Þ
where eij is the total strain tensor, enveij is the nonlinear viscoelastic
strain tensor, and evpij is the viscoplastic strain tensor. The constitu-
tive equations necessary for calculating enveij and e
vp
ij will be pre-
sented in Sections 2.4 and 2.5, respectively.
2.3. Effective (undamaged) stress concept
Kachanov (1958) has pioneered the concept of continuum dam-
age mechanics (CDM), where he introduced a scalar measure called
continuity, f, which is physically deﬁned by Rabotnov (1969) as:
f ¼ A
A
; ð2Þ
where A is the damaged (apparent) area and A is the real area (intact
or undamaged area) carrying the load. In other words, A is the re-
sulted effective area after micro-damages (micro-cracks and mi-
cro-voids) are removed from the damaged area A. The continuity
parameter has, thus, values ranging from f = 1 for intact (undam-
aged) material to f = 0 indicating total rupture.
Odqvist and Hult (1961) introduced another variable, /, deﬁn-
ing the reduction of area due to micro-damages:
/ ¼ 1 f ¼ A A
A
¼ A
D
A
; ð3Þ
where AD is the area of micro-damages such that AD ¼ A A. / is the
so-called damage variable or damage density which starts from /
= 0 (even for initial damaged material) ending with / = 1 (for com-
plete rupture). In fact, fracture or complete rupture mostly occurs
when / = /c, where /c is the critical damage density, which is a
material property (Abu Al-Rub and Voyiadjis, 2003).Based on CDM deﬁnition of an effective area, the relationship
between stresses in the undamaged (effective) material and the
damaged material is deﬁned as (see Chaboche (2003), for a concise
review of effective stress in CDM):
rij ¼ rij1 / ; ð4Þ
where rij is the effective stress tensor in the effective (undamaged)
conﬁguration, and rij is the nominal Cauchy stress tensor in the
nominal (damaged) conﬁguration.
However, in order to accurately model the degradation in
strength and stiffness because of the damage evolution, Cicekli
et al. (2007) and Abu Al-Rub and Voyiadjis (2009) have concluded
that Eq. (4) is more accurately deﬁned as:
rij ¼ rijð1 /Þ2
; ð5Þ
which is adapted in this work. The evolution law for the damage
variable / will be discussed in detail in Section 2.6, which is the
main focus of this paper.
It is noteworthy that since the effective stress rij is the one
that drives more viscoelastic and viscoplastic deformations, the
thermo-viscoelastic and thermo-viscoplastic constitutive equa-
tions in the subsequent sections are expressed in terms of rij.
The superimposed ‘‘–” in Eqs. (4) and (5), and in the subsequent
developments designates the effective conﬁguration. However, a
transformation hypothesis is needed to relate the nominal stress
and strain tensors (r and e) to the stress and strain tensors in
the undamaged (effective) conﬁguration (r and e). For this pur-
pose, one can either adapt the strain equivalence hypothesis (i.e.
the strains in nominal and effective conﬁgurations are equal) or
the strain energy equivalence hypothesis (i.e. any form of strain
energy in the nominal conﬁguration is equal to the corresponding
strain energy in the effective conﬁguration) (see Abu Al-Rub and
Voyiadjis (2003), for more details). Although, the strain energy
equivalence hypothesis is intuitively more physically sound, but
greatly complicates the constitutive models and their numerical
implementation (Abu Al-Rub and Voyiadjis, 2003). Therefore, for
simplicity and easiness in the ﬁnite element implementation of
the subsequent complex constitutive equations, the strain equiva-
lence hypothesis is adopted. In fact, for small deformations and iso-
tropic (scalar) damage assumptions, one can assume that the strain
differences in the nominal and effective conﬁgurations are negligi-
ble (Abu Al-Rub and Voyiadjis, 2003) such that postulating the
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assume that the nominal strain tensors e, e nve, and evp are equal
to their counterparts in the effective conﬁguration, e, enve, and
evp, such that:
eij ¼ eij; enveij ¼ enveij ; evpij ¼ evpij ; ð6Þ
where enve and evp are the nonlinear viscoelastic and viscoplastic
strain tensors in the nominal conﬁguration, respectively; whereas
enve and evp are the nonlinear viscoelastic and viscoplastic strain
tensors in the effective conﬁguration, respectively.
2.4. Nonlinear thermo-viscoelastic model
In this study, the Schapery’s nonlinear viscoelasticity theory
(Schapery, 1969) is employed to model the viscoelastic response
of HMA. The Schapery’s viscoelastic one-dimensional single inte-
gral model is expressed here in terms of the effective stress r,
Eq. (5), as follows:
enve;t ¼ g0ðrt ; TtÞD0rt þ g1ðrt ; TtÞ
Z t
0
DDðwt  wsÞ dðg2ðr
s; TsÞrsÞ
ds
ds;
ð7Þ
where D0 is the instantaneous compliance; DD is the transient com-
pliance; g0, g1, and g2 are nonlinear parameters related to the effec-
tive stress, r, strain level, enve, or temperature T at a speciﬁc time s.
The parameter g0 is the nonlinear instantaneous compliance param-
eter that measures the reduction or the increase in the instanta-
neous compliance. The transient nonlinear parameter g1 measures
nonlinearity effects in the transient compliance. The nonlinear
parameter g2 accounts for the loading rate effect on the creep re-
sponse. Note that D0, DD, g0, g1, and g2 should be determined for
undamaged material. In Eq. (7), wt is the reduced-time given by:
wt ¼
Z t
0
dn
aTasae
; ð8Þ
where aT, as, and ae are the temperature, strain or stress, and envi-
ronment (e.g. moisture, aging) shift factors, respectively. For
numerical convenience, the Prony series is used to represent the
transient compliance DD, such that:
DDw
t ¼
XN
n¼1
Dn 1 exp knwt
  
; ð9Þ
where N is the number of terms, Dn is the nth coefﬁcient of Prony
series associated with the nth retardation time kn. In the above
and subsequent equations, the superimposed t and s designate
the response at a speciﬁc time.
As proposed by Lai and Baker (1996), the one-dimensional non-
linear viscoelastic model in Eq. (7) can be generalized to three-
dimensional problems by decoupling the response into deviatoric
and volumetric parts, such that:
enveij ¼ enveij þ
1
3
envekk dij ¼
1
2G
Sij þ rkk
9K
dij ¼ J2 Sij þ
B
3
rkkdij; ð10Þ
where enveij and envekk are the deviatoric strain tensor and the volumet-
ric strain, respectively; G and K are the undamaged shear and bulk
moduli, respectively, which are related to the undamaged Young’s
modulus E and Poisson’s ratio m by:
G ¼ E=2ð1þ mÞ; K ¼ E=3ð1 2mÞ: ð11Þ
J and B are the undamaged shear and bulk compliances, respec-
tively; Sij ¼ rij  rkkdij=3 is the deviatoric stress tensor in the effec-
tive conﬁguration; dij is the Kronecker delta; and rkk is the
volumetric stress in the effective (undamaged) conﬁguration. Using
Schapery’s integral constitutive model (Eq. (7)) and after somemathematical manipulations, the deviatoric and volumetric compo-
nents of the nonlinear viscoelastic strain at time t can be expressed,
respectively, as follows (Lai and Baker, 1996):
enve;tij ¼
1
2
gt0J0S
t
ij þ
1
2
gt1
Z t
0
DJðw
twsÞ
d gs2S
s
ij
 
ds
ds; ð12Þ
enve;tkk ¼
1
3
gt0B0r
t
kk þ
1
3
gt1
Z t
0
DBðw
twsÞ d g
s
2rskk
 
ds
ds; ð13Þ
where the material constants J0 and B0 are the instantaneous effec-
tive elastic shear and bulk compliances, respectively. By assuming
the Poisson’s ratio m to be time-independent and representing the
transient compliance as the Prony series, Eq. (9), the deviatoric strain
tensor enve;tij and the volumetric strain e
nve;t
kk can be expressed in terms
of the hereditary integrals, such that (Haj-Ali and Muliana, 2004):
enve;tij ¼
1
2
gt0J0 þ gt1gt2
XN
n¼1
Jn  gt1gt2
XN
n¼1
Jn
1 expðknDwtÞ
knDw
t
" #
Stij
 1
2
gt1
XN
n¼1
Jn expðknDwtÞqtDtij;n  gtDt2
ð1 expðknDwtÞÞ
knDw
t S
tDt
ij
 	
; ð14Þ
enve;tkk ¼
1
3
gt0B0 þ gt1gt2
XN
n¼1
Bn  gt1gt2
XN
n¼1
Bn
1 expðknDwtÞ
knDw
t
" #
rtkk
 1
3
gt1
XN
n¼1
Bn expðknDwtÞqtDtkk;n  gtDt2
ð1 expðknDwtÞÞ
knDw
t r
tDt
kk
 	
; ð15Þ
where the superscript Dt designates the time increment.
It is noteworthy that the only difference between Eqs. (7)–(15)
and those presented in Huang et al. (in press) is that they are ex-
pressed in the effective (undamaged) conﬁguration, which allows
one to easily couple viscoelasticity to damage evolution.
2.5. Thermo-viscoplastic model
In order to calculate the viscoplastic (unrecoverable) deforma-
tions in HMA, Perzyna-type viscoplasticity constitutive equations
as outlined in Masad et al. (2005), Tashman et al. (2005) and Huang
et al. (in press) are modiﬁed here and expressed in terms of the
effective stress tensor rij, Eq. (5), instead of the nominal stress te-
nor rij. The constitutive equations are deﬁned in the effective con-
ﬁguration since it is argued that once the material is damaged,
further loading can only affect the undamaged (effective) region
such that the viscoplasticity can only affect the undamaged mate-
rial skeleton.
Rewriting Eq. (1) in the effective conﬁguration and then taking
the time derivative implies:
_eij ¼ _enveij þ _evpij ; ð16Þ
where _enveij and _e
vp
ij are the nonlinear viscoelastic and the viscoplastic
strain rates in the effective conﬁguration, respectively. In Eq. (16)
and subsequent equations, the superimposed dot indicates deriva-
tive with respect to time. The viscoplastic strain rate is deﬁned
through the following classical viscoplastic ﬂow rule:
_evpij ¼ _cvp
@g
@rij
; ð17Þ
where _cvp and g are the viscoplastic multiplier and the viscoplastic
potential function, respectively. Physically, _cvp is a positive scalar
which determines the magnitude of _evpij , whereas @g=@rij deter-
mines the direction of _evpij . Perzyna (1971) expressed the viscoplas-
tic multiplier in terms of an overstress function and a viscosity
parameter that relates the rate of viscoplastic strain to the current
stresses, such that _cvp can be expressed as follows:
_cvp ¼ CvphUðf ÞiN ; ð18Þ
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represents the viscoplasticity relaxation time according to the no-
tion given by Perzyna, N is the viscoplastic rate sensitivity exponent,
and U is the overstress function which is expressed in terms of the
yield function f. Moreover, hi in Eq. (18) is the MacAulay bracket de-
ﬁned by hUi = (U + jUj)/2. The following expression can be postu-
lated for the overstress function U:
Uðf Þ ¼ f
r0y
; ð19Þ
where r0y is a yield stress quantity used to normalize the overstress
function and can be assumed unity. Eqs. (17)–(19) indicate that
viscoplasticity occurs only when the overstress function U is great-
er than zero.
Drucker–Prager-type yield surfaces have been used by number
of researchers for describing the viscoplastic ﬂow behavior of HMA
since it takes into consideration conﬁnement, aggregates friction,
aggregates interlocking, and dilative behavior of HMA (c.f.
Abdulshaﬁ and Majidzadeh, 1985; Tan et al., 1994; Bousshine
et al., 2001; Cela, 2002; Chiarelli et al., 2003; Seibi et al., 2001;
Dessouky, 2005; Tashman et al., 2005; Masad et al., 2007; Saadeh
et al., 2007; Huang et al., in press; Saadeh and Masad, 2010). In this
study, a modiﬁed Drucker–Prager yield function that distinguishes
between the distinct behavior of HMA in compression and exten-
sion, and also takes into consideration the pressure sensitivity is
employed (Dessouky, 2005). However, this modiﬁed Drucker–
Prager yield function is expressed here as a function of the effective
(undamaged) stresses, rij, as follows:
f ¼ F rij
  j evpe  ¼ s aI1  j evpe ; ð20Þ
where a is a material parameter related to the material’s internal
friction, jðevpe Þ is the isotropic hardening function associated with
the cohesive characteristics of the material and depends on the
effective viscoplastic strain evpe ; I1 ¼ rkk is the ﬁrst stress invariant,
and s is the deviatoric effective shear stress modiﬁed to distinguish
between the HMA behavior under compression and extension load-
ing conditions, such that:
s ¼
ﬃﬃﬃﬃ
J2
q
2
1þ 1
d
þ 1 1
d
 
J3ﬃﬃﬃﬃ
J32
q
2
64
3
75; ð21Þ
where J2 ¼ 3SijSij=2 and J3 ¼ ð9=2ÞSijSjkSki are the second and third
deviatoric stress invariants of the effective stress tensor rij, respec-
tively, and d is a material parameter which is interpreted as the ra-
tio of the yield stress in uniaxial tension to that in uniaxial
compression. Therefore, d gives the distinction of HMA behavior
in compression and extension loading conditions and considers
the conﬁnement effects, where d = 1 implies that s ¼
ﬃﬃﬃﬃ
J2
q
. The d va-
lue should have a range of 0.778 6 d 6 1 in order to ensure that the
yield surface convexity condition is maintained, as discussed by
Dessouky (2005).
Following the work of Lemaitre and Chaboche (1990), the iso-
tropic hardening function jðevpe Þ is expressed as an exponential
function of the effective viscoplastic strain evpe , such that:
j ¼ j0 þ j1f1 expðj2ðevpe ÞÞg; ð22Þ
where j0, j1, and j2 are material parameters; j0 deﬁnes the initial
yield stress, j0 + j1 determines the saturated yield stress, and j2 is
the strain hardening rate.
Several studies have shown that the viscoplastic deformation
of HMA, and geomaterials in general, is non-associated (e.g.
Zeinkiewicz et al., 1975; Oda and Nakayama, 1989; Florea, 1994;
Cristescu, 1994; Bousshine et al., 2001; Chiarelli et al., 2003), which
requires assuming a plastic potential function, g, not equal to the
yield function, f. Hence, the direction of the viscoplastic strainincrement is not normal to the yield surface, but to the plastic po-
tential surface. The use of an associated ﬂow rule (i.e. g = f) overes-
timates the dilation behavior of HMA when compared to
experimental measurements (Masad et al., 2005, 2007). In order
to obtain non-associative viscoplasticity, the Drucker–Prager-type
function, FðrijÞ, in Eq. (20), can still be used where the parameter
a is replaced by another parameter, b; deﬁning the viscoplastic po-
tential function as follows:
g ¼ s bI1; ð23Þ
where b is a material parameter that describes the dilation or con-
traction behavior of the material. The effective viscoplastic strain
rate _evpe is expressed as (Dessouky, 2005):
_evpe ¼ A1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_evpij _e
vp
ij
q
where A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2 0:5þ b=3
1 b=3
 2s
: ð24Þ
From Eq. (23), one can write:
@g
@rij
¼ @s
@rij
 1
3
bdij; ð25Þ
where dij is the Kronecker delta and @s=@rij is given by:
@s
@rij
¼ 1
2
@J2
@rij
2
ﬃﬃﬃﬃ
J2
q 1þ 1
d
 
þ
@J3
@rij
J2  @J2@rij J3
J22
0
@
1
A 1 1
d
 264
3
75; ð26Þ
where @J2=@rij ¼ 3Sij, and @J3=@rij ¼ 272 SikSkj  3J2dij.
2.6. Thermo-viscodamage model
Time-, rate-, and temperature-independent evolution equations
for the damage variable, /, are not appropriate for predicting the
damage nucleation and growth in HMA materials. Generally, the
damage evolution, _/, can be a function of stress, rij, hydrostatic
stress, rkk, strain, eij, strain rate, _eij, temperature, T, and damage
history, /, such that:
_/ ¼ F rijðtÞ;rkkðtÞ; eijðtÞ; _eijðtÞ; TðtÞ;/ðtÞ
 
: ð27Þ
Kachanov (1958) was the ﬁrst to postulate a time-dependent dam-
age law to describe creep damage, which has the following form:
_/ ¼ r
C1ð1 /Þ
 	C2
; ð28Þ
where C1 and C2 are material constants, and r is the applied stress.
Rabotnov (1969) assumed that damage also affects the rate of creep
strain, _e, and proposed the following evolution equations for creep
strain and damage variable:
_e ¼ C1rnð1 /Þm; _/ ¼ C2rcð1 /Þl; ð29Þ
where C1, C2, n, m, c, and l are material constants. Since most pro-
cesses are stress controlled, the evolution law of Eqs. (28) and (29)
are functions of stress. However, for other types of loading condi-
tions the dependency of evolution law on strain and other factors
is inevitable. Hence, in several works, ﬁrst of which was proposed
by Rabotnov (1969), the evolution law was expressed in terms of
strain. He eliminated the stress from the evolution law and pro-
posed an exponential form in terms of strain as follows:
_/ ¼ C expðkeÞð1 /Þl; ð30Þ
where k is a material constant. Belloni et al. (1979) proposed the
following creep damage law:
/ ¼ Cea exp  b
T
 
rctd; ð31Þ
where C, a, b, c, d are material constants, and t is time. Afterwards,
relying on several sets of experiments, it was implied that strain is
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the damage variable as:
/ ¼ Cea: ð32Þ
Cozzarelli and Bernasconi (1981) and Lee et al. (1986) used this idea
and proposed the following differential evolution law:
/ðtÞ ¼ CecðtÞa
Z t
0
ðrðsÞÞcdds
 	d
; ð33Þ
where C, a, c and d are material constants, ec is the creep strain, and
r(s) is the applied stress at speciﬁc time s.
Schapery (1990) used the concept of viscoelastic fracture
mechanics (Schapery, 1975, 1984, 1987) along with the elastic–
viscoelastic correspondence principle and continuum damage
mechanics to model the growing damage in viscoelastic media,
where the following power-law evolution eqaution has been pro-
posed for a damage parameter designated as S:
_S ¼  @W
R
@S
" #a
; ð34Þ
where a is a material constant, and WR is the pseudo strain energy
density deﬁned as
WR ¼ 1
2
ERðeRÞ2 ð35Þ
with eR being the pseudo strain given by
eR ¼ 1
ER
Z t
0
Eðwt  wsÞ de
ds
ds; ð36Þ
where E(t) is the relaxation modulus in uniaxial loading, ER = 1 is a
reference modulus, and wt is the reduced time deﬁned in Eq. (8).
Moreover, Park et al. (1996), Chehab et al. (2002), Kim et al.
(2005, 2008) and Underwood et al. (2006) have used Schapery’s
model to simulate the damage evolution in HMA.
Motivated and guided by the aformentioned damage evolution
laws, in this study, the ﬁrst approximation of the damage evolution
law is proposed as an exponential form of the total effective strain:
_/ ¼ Cu exp keToteff
 
; ð37Þ
where Cu is a damage viscousity parameter, eToteff ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eijeij
p
is the
effective total strain in the effective conﬁguration. eij includes both
viscoelastic and viscoplastic components (Eq. (1)) and k is a mate-
rial parameter. The dependence of the damage density evolution
equation on the total strain implicitly couples the damage model
to the viscoelasticity and viscoplasticity models. Hence, changes
in loading time, rate, and temperature implicitly affects the damage
evolution through changes in viscoelastic and viscoplastic strains.
However, time of rupture in creep tests and peak point in the
stress–strain diagram for the constant strain rate tests are highly
stress dependent. Therefore, one may assume the damage viscousi-
ty variable (in Eq. (37)) to be a function of stress. Here, a power law
function is postulated for expressing the stress dependency of the
damage viscosity parameter, such that:
Cu ¼ Cu0
Y
Y0
 q
; ð38Þ
where q is the stress dependency parameter; Cu0 and Y0 are the ref-
erence damage viscousity parameter and the reference damage
force obtained at a reference stress for a creep test; and Y is the
damage driving force in the nominal (damaged) conﬁguration,
which can be assumed to have a modiﬁed Drucker–Prager-type
form, such that:
Y ¼ s aI1; ð39Þ
where s is introduced in Eq. (21). Note that s is expressed in the
nominal conﬁguration and is a function of the nominal stress rijinstead of the effective stress rij. In continuum damage mechanics,
Y is interpreted as the energy release rate necessary for damage
nucleation and growth (Abu Al-Rub and Voyiadjis, 2003). Assuming
the damage force to have a Drucker–Prager-type form is a smart
choice since it allows the damage evolution to depend on conﬁning
pressures, and to take into consideration the distinct response of as-
phalt concrete mixes under extention and compression loading con-
ditions through the parameter d in Eq. (21). Also, assuming the
damage viscousity parameter to be a function of the damage force,
Y, in the nominal (damaged) conﬁguration instead of the effective
(undamaged) conﬁguration allows one to include damage history
effects, such that by using the effective stress concept in Eq. (5)
one can rewrite Y as follows:
Y ¼ Yð1 /Þ2: ð40Þ
Moreover, the damage density evolution highly depends on temper-
ature. In this work, the proposed damage evolution law is coupled
with temperature through a damage temperature function G(T),
which will be identiﬁed later in Section 4 based on experimental
observations. Hence, the following damage evolution law can be ob-
tained using Eqs. (37), (38) and (40):
_/ ¼ Cu0
Yð1 /Þ2
Y0
" #q
exp keToteff
 
GðTÞ: ð41Þ
In the following section, numerical algorithms for integrating
the presented thermo-mechanical viscoelastic, viscoplastic, and
viscodamage evolution equations will be detailed, and the associ-
ated material constants will be indentiﬁed based on available
experimental data.3. Numerical implementation
Using the effective stress concept in the undamaged conﬁgura-
tion substantially simpliﬁes the numerical implementation of the
proposed constitutive model. One can ﬁrst update the effective
stress, rij, based on the nonlinear viscoelasticity and viscoplasticity
equations, which are expressed in the effective (undamaged) con-
ﬁguration, then calculate the damage density based on Eq. (41),
and ﬁnally calculate the updated nominal stress, rij, using Eq. (5).
Having the given strain increment, Deij ¼ etij  etDtij , and values of
the stress and internal variables from the previous step (i.e. at time
t  Dt), one can obtain the updated values at the end the time
increment (i.e. at time t). Therefore, one can decompose the total
strain in Eq. (1), the effective viscoplastic strain in Eq. (24), and
the effective stress tensor rij, respectively, at the current time t
as follows:
etij ¼ enve;tij þ evp;tij ¼ etDtij þ Detij ¼ enve;tDtij þ evp;tDtij þ Denve;tij þ Devp;tij ; ð42Þ
evp;te ¼ evp;tDte þ Devp;te ; ð43Þ
rtij ¼ rtDtij þ Drtij: ð44Þ
The viscoelastic volumetric and deviatoric strain increments can be
expressed from Eqs. (14) and (15) as follows:
Denve;tij ¼ enve;tij  enve;tDtij ¼ JtStij  JtDtStDtij
 1
2
XN
n¼1
Jn gt1 expðknDwtÞ  gtDt1
 
qtDtij;n
 1
2
gtDt2
XN
n¼1
Jn gtDt1
1 expðknDwtDtÞ
knDw
tDt
" #(
gt1
1 expðknDwtÞ
knDw
t
 	
StDtij ; ð45Þ
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 1
3
XN
n¼1
Bn gt1 expðknDwtÞ  gtDt1
 
qtDtkk;n
 1
3
gtDt2
XN
n¼1
Bn gtDt1
1 expðknDwtDtÞ
knDw
tDt
" #(
gt1
1 expðknDwtÞ
knDw
t
 	
rtDtkk ; ð46Þ
where the variables qtDtij;n and q
tDt
kk;n are the deviatoric and volumetric
components of the hereditary integrals for every Prony series term
n at previous time step t  Dt, respectively. The hereditary integrals
are updated at the end of every converged time increment, which
will be used for the next time increment, and are expressed as fol-
lows (Haj-Ali and Muliana, 2004):
qtij;n ¼ exp knDwt
 
qtDtij;n þ gt2Stij  gtDt2 StDtij
 1 exp knDwt 
knDw
t ; ð47Þ
qtkk;n ¼ exp knDwt
 
qtDtkk;n þ gt2rtkk  gtDt2 rtDtkk
 1 exp knDwt 
knDw
t : ð48Þ
The viscoplastic strain increment in Eqs. (17) and (18) can be
rewritten as follows:
Devp;tij ¼ Cvp U fð Þh iN
@g
@rij
Dt ¼ Dcvp;t @g
@rij
; ð49Þ
where Dcvp;t can be written from Eqs. (18) and (19) as follows:
Dcvp;t ¼ DtCvp U fð Þh iN ¼ DtCvp
f rtij; e
vp;t
e
 
r0y
2
4
3
5
N
: ð50Þ
Substituting Eqs. (24) and (49) into Eq. (43), the effective viscoplas-
tic strain increment can be written as:
evp;te ¼ evp;tDte þ Devp;te ¼ evp;tDte þ
Dcvp;tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2 0:5þb=31b=3
 2r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
@g
@rij
@g
@rij
s
: ð51Þ
Deviatoric and volumetric increments of the trial stress for
starting the coupled nonlinear viscoelastic and viscoplastic algo-
rithm can be expressed as follows (see Huang et al., 2007):
DSt;trij ¼
1
Jt;tr
Detij þ
1
2
gt;tr1
XN
n¼1
Jn expðknDwtÞ  1
 
qtDtij;n
( )
; ð52Þ
Drt;trkk ¼
1
Bt;tr
Detkk þ
1
3
gt;tr1
XN
n¼1
Bn expðknDwtÞ  1
 
qtDtkk;n
( )
: ð53Þ
According to Wang et al. (1997), one can deﬁne a consistency
condition for rate-dependent plasticity (viscoplasticity) similar to
the classical rate-independent plasticity theory such that a dy-
namic (rate-dependent) yield surface, v, can be expressed from
Eqs. (18)–(20) as follows:
v ¼ s aI1  j evpe
  r0y _cvpCvp
 !1=N
6 0: ð54Þ
The Kuhn–Tucker loading–unloading condition (consistency) is va-
lid also for the dynamic yield surface v, such that:
v 6 0; _cvp P 0; _cvpv ¼ 0; _v ¼ 0: ð55Þ
A trial dynamic yield surface function vtr can be deﬁned from Eq.
(54) as:
v ¼ str  aItr1  jðevp;tDte Þ  r0y
Dcvp;tDt
DtCvp
 1=N
: ð56ÞIn order to calculate evp;te , one can iteratively calculate Dcvp;t through
using the Newton–Raphson scheme. Once Dcvp;t is obtained, the
viscoplastic strain increment Devpij can be calculated from Eq. (49).
In the Newton–Raphson scheme, the differential of v with respect
to Dcvp is needed, which can be expressed as follows:
@v
@Dcvp
¼  @j
@Devpe
@Devpe
@Dcvp
 r
0
y
DcvpN
Dcvp
DtCvp
 1
N
: ð57Þ
At the k + 1 iteration, the viscoplastic multiplier can be calculated as
follows:
Dcvp;t
 kþ1 ¼ Dcvp;t k  @v
@Dcvp;t
 k" #1
vk: ð58Þ
The above recursive–iterative algorithm with the Newton–Raphson
method is used to obtain the current effective stress and the up-
dated values of viscoelastic and viscoplastic strain increments by
minimizing the residual strain deﬁned as:
Rtij ¼ Denve;tij þ Devp;tij  Detij: ð59Þ
The stress increment at the k + 1 iteration is calculated by:
Drtij
 kþ1
¼ Drtij
 k
 @R
t
ij
@rtkl
 !k24
3
5
1
Rtkl
 k
; ð60Þ
where the differential of Rtij gives the consistent tangent compliance,
which is necessary for speeding convergence and can be derived as
follows:
@Rtij
@rkl
¼ @De
nve;t
ij
@rkl
þ @De
vp;t
ij
@rkl
; ð61Þ
where @Denveij =@rkl is the nonlinear viscoelastic tangent compliance
which is derived in Huang et al. (2007); whereas, the viscoplastic
tangent compliance is derived from Eqs. (20), (49) and (50), such
that:
@Devp;tij
@rkl
¼ @g
@rij
@Dcvp;t
@rkl
þ Dcvp;t @
2g
@rij@rkl
¼ DtCN
r0y
f
r0y
 !N1
@g
@rij
@f
@rkl
þ DtC f
r0y
 !N
@2g
@rij@rkl
; ð62Þ
where @2g=@rij@rkl is given by:
@2g
@rij@rkl
¼ 1:5 dikdjl  13 dijdkl
 
1þ 1=d
2
ﬃﬃﬃﬃ
J2
p  J3 1 1=dð Þ
J22
" #
þ 1:5Skl
 @J2
@rij
1þ 1=dð ÞJ1:52
4
þ 1 1=dð Þ 2J3J32
@J2
@rij
 J22
@J3
@rij
 !24
3
5
þ ð1 1=dÞ
2J22
27 dikSlj þ djlSik
 
2
 9 dklSij þ dijSkl
 24
3
5
 27
4
SkmSml  1:5J2Skl
  1 1=dð Þ @J2
@rij
J22
2
4
3
5:
ð63Þ
Damage is implemented using the effective conﬁguration con-
cept. As mentioned earlier, the total updated effective stress can
be calculated from Eq. (44) once the updated effective stress
increment is calculated using Eq. (60). The ﬁnal viscoelastic and
viscoplastic strains can then be calculated from Eqs. (42) and
(45)–(50). The updated strains and stresses in the effective conﬁg-
uration along with Eqs. (21), (39) and (41) can be used to calculate
the rate of the damage density. The updated damage density can
simply be calculated using Eq. (64), such that:
Table 2
The summary of the tests used for obtaining the model
parameters.
Test Temperature (C) Stress level in kPa
(Loading time in s)
Creep-recovery 10 2000 (400)
20 1000 (40)
40 500 (130)
Creep 10 2000
20 1000, 1500
40 500
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Finally, Eq. (5) can be used to update the ﬁnal nominal stress. Effec-
tive conﬁguration concept is numerically attractive since it allows
the calculation of the effective stresses decoupled from damage,
which eliminates the complexities due to explicit couplings be-
tween the damage model and the rest of the constitutive model
(i.e. viscoelasticity and viscoplasticity). It should be noted that the
healing process is not included in this damage model. Hence, nega-
tive damage density rates are not accepted and are set to zero.
The above formulated numerical algorithms are implemented
in the well-known commercial ﬁnite element code Abaqus
(2008) via the user material subroutine UMAT in order to obtain
the model predictions. The ﬁnite element model considered here
is simply a three-dimensional single element (C3D8R) available
in Abaqus.
4. Model calibration
In this section, the presented thermo-viscoelastic–viscoplastic–
viscodamage constitutive model is calibrated using a set of exper-
imental data on HMA mixes tested at different stress levels, strain
rates, and temperatures. The asphalt mixture used in this study is
described as 10 mm Dense Bitumen Macadam (DBM) which is a
continuously graded mixture with asphalt binder content of 5.5%.
Granite aggregates and an asphalt binder with a penetration grade
of 70/100 are used in preparing the asphalt mixtures. Cylindrical
specimens with a diameter of 100 mm and a height of 100 mm
are compacted using the gyratory compactor (Grenfell et al.,
2008). Single creep-recovery tests under direct compression are
conducted over a range of temperatures and stress levels in order
to determine the viscoelastic and viscoplastic material parameters
at a reference temperature as well as viscoelastic and viscoplastic
temperature shift factors. The creep-recovery test applies a con-
stant step-loading and then removes the load until the rate of
recovered deformation during the relaxation period is approxi-
mately zero. The load is held for different loading times (LT) and
the response is recorded for each LT. The creep (without recovery)
test at different temperatures and different applied stresses are
used to calibrate and verify the thermo-viscodamage model. The
creep test applies a constant step-loading and measures the corre-
sponding creep strain. Usually, the load will not be removed until
failure occurs. Table 2 lists a summary of the tests used for the
determination of the constitutive model parameters.
4.1. Identiﬁcation of viscoelastic–viscoplastic model parameters
The procedure for the determination of the viscoelastic and
viscoplastic parameters associated with the currnet viscoelastic
and viscoplastic constitutive equations has been thoroughly dis-
cussed by Abu Al-Rub et al. (2009) and Huang et al. (in press) based
on creep-recovery tests. Since the viscoplastic strain does not
evolve during the recovery part in the creep-recovery test, one
can extract the viscoelastic response from the recovery part in tests
performed at low stress levels and short loading periods in order to
avoid damage evolution. Then, the viscoelastic model parameters
(i.e. the Prony series coefﬁcients in Eq. (9) and the viscoelastic non-
linear parameters in Eq. (7)) can be identiﬁed by analyzing the vis-
coelastic strain response during the recovery at a reference
temperature (i.e. at T = 20 C in this study).
Once the viscoelastic model parameters are obtained, one can
then calculate the viscoplastic strain by subtracting the viscoelastic
strain from the total strain measurements. The viscoplastic model
parameters can then be determined from the extracted viscoplastic
response. As mentioned before, the loading times in the creep-
recovery tests were rather short (see Fig. 2); hence, one can assumethat the material is not damaged during these tests or at least the
introduced damage is insignifant. The obtained viscoelastic and
viscoplastic model parameters at the reference temperature are
listed in Table 3.
It is noteworthy that it is practicaly impossible to determine the
instantanous compliance, D0, from the creep-recovery tests at high
temperatures. Hence, one can use either a creep-recovery test at
low temperatures (room temperature and lower) or from the initial
response in the constant strain rate tests at different temperatures.
4.2. Identiﬁcation of viscodamage model parameters
The induced damage in the conducted creep-recovery tests can
be assumed to be insigniﬁcant since the loading durations in the
creep-recovery tests are very short (see Fig. 2). However, in other
tests, such as the creep tests, the loading times are long enough
for damage to evolve. The damage evolution causes the secondary
and the tertiary creep phenomena to occur. Since the secondary
and tertiary creep behaviors are mostly due to damage evolution,
the model is calibrated based on the creep tests. In order to cali-
brate the viscodamage model at the reference temperature (i.e.
at 20 C), the identiﬁed viscoelastic and viscoplastic model param-
eters at the reference temperature (as listed in Table 3) are used for
predicting the creep tests. However, because of the induced dam-
age, the model prediction without the viscodamage model signiﬁ-
cantly underestimates the creep strains in secondary and tertiary
creep regions. This difference is attributed to damage and should
be compensated for by using the viscodamage model. At the refer-
ence temperature (i.e. T = Tref), the viscodamage temperature cou-
pling term has the value of one (i.e. G(Tref) = 1). Therefore, at the
reference temperature, Eq. (41) simpliﬁes as follows:
_/ ¼ Cu0
Yð1 /Þ2
Y0
" #q
exp keToteff
 
: ð65Þ
The ﬁrst step for the determination of the viscodamage model
parameters is to select an arbitrary reference stress level. In this
work, the stress level of 1000 kPa is selected as the reference stress
level (i.e. rref = 1000 kPa). The reference damage force Y0 can easilly
be calculated from Eq. (39) as the value of the damage force at the
reference stress level. Eq. (65) can be expressed in terms of the
damage force in the nominal conﬁguration by substituting Eq.
(40) into Eq. (65), such that:
_/ ¼ Cu0
Y
Y0
 q
exp keToteff
 
: ð66Þ
However, since the nominal stress during the creep test remains
constant with time, then one can conclude that Y = Y0 when the ap-
plied stress is rref. Therefore, at the selected reference stress level
the viscodamage law simpliﬁes to the following form:
_/ ¼ Cu0 exp keToteff
 
; ð67Þ
where the reference damage viscosity parameter Cu0 and the strain
dependency model parameter k can then be calibrated from a creep
Table 3
Viscoelastic and viscoplastic model parameters at the reference temperature, T = 20 C.
n 1 2 3 4 5
Viscoelastic model parameters at reference temperature
kn (s1) 10 1 0.1 0.01 0.001
Dn (kPa1) 1.98  107 1.48  106 6.56  107 1.43  106 2.47  106
D0 (kPa1) 3.5  106
Viscoplastic model parameters at reference temperature
a b Cvp (s1) N j0 (kPa) j1 (kPa) j2
0.3 0.15 5  104 3.63 35 610 215
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vel, 1000 kPa.
The last step is to determine the stress dependency viscodam-
age model parameter q. This parameter can simply be determined
using another creep data at the reference temperature but at a
stress level different from the reference stress level. Hence, the
viscodamage model parameters can be determined using two
creep tests at a reference temperature. The identiﬁed viscodamage
model parameters at 20 C are listed in Table 4.
As discussed in this section, the proposed viscodamage model
has the advantage of allowing one to systematically identify the
corresponding material constants in a simple and straightforward
manner.
4.3. Identiﬁcation of temperature coupling parameters
It is not convenient to introduce a whole different set of mate-
rial parameters for each temperature as done by Abu Al-Rub et al.
(2009) and Huang et al. (in press). Therefore, in this study, the pro-
cedure outlined in Sections 4.1 and 4.2 can be used for determina-
tion of the viscoelastic, viscoplastic, and viscodamage model
parameters at a reference temperature, Tref, and the model’s ability
to predict the response at other temperatures is achieved through
some temperature coupling terms as discussed next.
The viscoelastic–viscoplastic material responses at other tem-
peratures can be captured using the temperature time-shift factor
for both viscoelasticity and viscoplasticity. The reduced time con-
cept (Eq. (8)) can be used for introducing the temperature time-
shift factor aT in the viscoelasticity constitutive equations.
Whereas, the viscoplasticity constitutive equations are coupled to
temperature by replacing the time increment Dt with the reduced
time increment Dt=avpT , such that the dynamic viscoplasticity yield
surface in Eq. (54) can be rewritten as follows:
v ¼ s aI1  j evpe
  r0y DcvpDt
avpT
Cvp
0
@
1
A
1=N
6 0; ð68Þ
where avpT is the viscoplasticity temperature coupling term or the
viscoplasticity temperature time-shift factor. Note that Eq. (68) im-
plies that the viscoplasticity temperature coupling term should also
be introduced in the viscoplasticity ﬂow rule, Eq. (17), such that:
Devp;tij ¼ Cvp Uðf Þh iN
Dt
avpT
 
@g
@rij
: ð69Þ
Furthermore, it is commonly known that viscoelastic materials
become more viscous at high temperatures and more elastic at low
temperatures. Experimental data show different initial responsesTable 4
Viscodamage model parameters at the reference temperature, T = 20 C.
Cu0 ðs1Þ Y0(kPa) q k
4  105 700 5 30at different temperatures for creep-recovery tests and displace-
ment control tests. These initial responses can be characterized
by the initial compliance D0, which increases as temperatures in-
creases. The temperature dependency of D0 can be captured using
the parameter g0ðrij; TÞ in Eq. (7). This approach has been used by
Muliana and Haj-Ali (2008) to model the creep response of poly-
mers at different temperatures.
In this study, the same temperature coupling terms are as-
sumed for both the viscoelastic and viscoplastic models (i.e.
aT ¼ avpT Þ as suggested by the experimental study of Schwartz
et al. (2002) on asphalt mixtures. The values of the viscoelastic
and viscoplastic temperature coupling parameters are obtained
from the creep-recovery tests at different temperatures. The creep
compliance J(t) can be calculated using experimental data at differ-
ent temperatures (see Fig. 1(a)) using the following relation:
JðtÞ ¼ eðtÞr : ð70Þ
Fig. 1(a) and (b) shows the experimental data at different tempera-
tures before and after shifting, respectively. By shifting the experi-
mental data horizontally one can get the viscoelastic–viscoplastic
temperature time-shift factor, aT, for each temperature. The temper-
ature-dependent nonlinear parameter g0 can also be determined by
comparing the initial response at different temperatures. The
obtained values for aT and g0 at different temperatures are listed
in Table 5.
Arrhenius-type equations are used for expressing the viscoelas-
tic and viscoplastic temperature coupling terms, such that one can
write:
aT ¼ avpT ¼ exp h1 1
T
Tref
  	
; ð71Þ
g0 ¼ exp h2 1
T
Tref
  	
; ð72Þ
where h1 and h2 are material parameters and Tref is the reference
temperature. Based on the listed values in Table 5, the following
values are obtained for the viscoelastic and viscoplastic tempera-
ture coupling parameters (h1 = 4.64 and h2 = 1.73). Eqs. (71) and
(72) can be used to predict the values of aT ; a
vp
T , and g0 at tempera-
tures for which the experimental data are not available. It is note-
worthy that assuming the same temperature time-shift factor for
both viscoelasticity and viscoplasticity saves signiﬁcant amount of
experimental tests needed for calibrating the thermo-viscoplastic
response of asphaltic materials.
The reduced time (or time-shift) concept as used in viscoelastic-
ity and viscoplasticity for including temperature effects can also be
used in the viscodamage model for predicting the damage evolu-
tion in asphalt mixes at different temperatures. Similarly, one
can replace the time increment Dt in the damage evolution equa-
tion (Eq. (66)) with the reduced time Dt=auT , such that Eq. (66) can
be rewritten as:
D/ ¼ Cu0
Y
Y0
 q
exp keToteff
 Dt
a/T
; ð73Þ
Table 7
The summary of the tests used for model validation.
Test Temperature
(C)
Stress level, kPa
(loading time, s)
Strain rate (s1)
Creep-recovery 10 2000 (600)
20 1000 (210)
40 500 (180)
Creep 10 2500
40 750
Constant strain
rate test
10 0.005, 0.0005,
0.00005
20 0.005, 0.0005,
0.00005
40 0.005, 0.0005
Fig. 1. Experimental data for creep compliance at T = 10 C, 20 C, and 40 C. (a)
Before applying the temperature time-shift factor. (b) After applying the temper-
ature time-shift factor.
Table 5
Viscoelastic–viscoplastic temperature-depen-
dent parameters.
Temp. (C) aT g0
10 7.0 0.43
20 1.0 1
40 0.008 5.7
Table 6
Temperature coupling term model parameters (Eqs. (71),
(72) and (75)).
h1 h2 h3
4.64 1.73 5.98
Fig. 2. The model predictions and experimental measurements for creep-recovery
tests at different temperatures and stress levels; (a) T = 10 C, r = 2000 (kPa), (b)
T = 20 C, r = 1000 (kPa), and (c) T = 40 C, r = 500 (kPa).
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paring Eqs. (40), (41) and (73) implies that the viscodamage tem-
perature coupling term G(T) has an inverse relationship with the
viscodamage temperature time-shift factor auT , such that:
GðTÞ ¼ 1
auT
: ð74Þ
Material properties listed in Tables 2–5 along with the viscodamage
temperature coupling term, G(T), can be used to predict the creep
response at different temperatures and stress levels.
8.0%
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experimental data is not available, temperature time-shift factors
along with the viscodamage temperature coupling term are
needed. In the previous section, exponential functions are assumed
for the viscoelastic and viscoplastic temperature parameters
aT ; a
vp
T , and go as presented in Eqs. (71) and (72). A similar proce-
dure is also used to establish a relationship for G(T) in Eq. (41) such
that one can assume:
GðTÞ ¼ 1
auT
¼ exp h3 1 TTref
  	
; ð75Þ
where h3 is a material constant. The calibrated values for the tem-
perature coupling term model parameters h1, h2, and h3 in Eqs.
(71), (72), and (75), respectively, are listed in Table 6.0.0%
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Time (Sec)5. Model validation
The identiﬁed thermo-viscoelastic–viscoplastic–viscodamage
model parameters listed in Tables 3, 4, and 6 are used in this sec-
tion to validate the model against another set of experimental data
listed in Table 7 that have not been used in the calibration process.
The tests used for validating the model include creep-recovery,
creep, and constant strain rate tests at different stress levels, strain
rates, loading times, and temperatures.Fig. 4. Model predictions and experimental measurements for creep test at
reference temperature (T = 20 C) when r = 1500 kPa.5.1. Creep-recovery tests
The identiﬁed model parameters are used in this section for
comparing the model predictions and creep-recovery tests at dif-
ferent temperatures, stress levels, and loading times. Model predic-
tions and experimental measurements of the creep-recovery tests
at temperatures 10 C, 20 C, and 40 C are shown in Fig. 2(a)–(c),
respectively. Fig. 2(a) and (b) show good agreements between
the experimental measurements and model predictions at temper-
atures 10 C and 20 C. However, the constitutive model signiﬁ-
cantly underestimates the experimental measurements at 40 C.
Obviously, more experimental measurements are needed in order
to identify the viscoelastic–viscoplastic temperature time-shift fac-
tor at high temperatures such as 40 C. Authors are currently inves-
tigating this issue.Fig. 3. Experimental measurement and model predictions of total strain for creep
test (T = 20o,r = 1000 kPa). Model predictions of the primary, secondary, and
tertiary responses as well as the failure time are in good agreement with
experimental measurements.5.2. Creep
The comparisons between experiments and model predictions
for the creep tests at the reference temperature 20 C are shown
in Figs. 3 and 4. Figs. 3 and 4 show good agreements between
experimental measurements and model predictions. These ﬁguresFig. 5. The comparison of the creep response between experimental measurements
and model predictions at T = 10 Cand stress levels of (a) r = 2000 kPa and (b)
r = 2500 kPa.
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accurately. The model capability for predicting the tertiary creep
response makes it possible to predict the failure time which is very
important in predicting the pavement life.
The model predictions for creep tests at other temperatures
(10 C and 40 C) are shown in Figs. 5 and 6. Fig. 5 shows good
agreement between model predictions and experimental mea-
surements at 10 C. Although model predictions at 40 C (see
Fig. 6) are not accurately close to experimental measurements,
the model still predicts the tertiary creep region and time of fail-
ure pretty well. As it is obvious from Figs. 3–6, time of failure
changes signiﬁcantly with changes in stress levels and tempera-
tures (e.g. it varies from couple of seconds at 40 C to minutes
and hours at lower temperatures). However, the model shows
reasonable predictions for time of failure at different tempera-
tures and stress levels.
The corresponding damage densities versus total strain are
plotted in Fig. 7 for the model predictions at different tempera-
tures. Fig. 7 shows that the damage density is close to zero or insig-
niﬁcant at low strain levels, and increases as strain and applied
stress increases. Fig. 7 also shows that the damage density grows
almost with a constant slope for a while, where in this region the
steady creep or secondary creep occurs. After this region damage
grows with a higher rate until the rupture point. This region corre-
sponds to tertiary creep. It is interesting to note that the damage
density evolution follows an S-like curve, which is physically
sound.Fig. 7. Model prediction results for damage density versus total strain at different
stress levels and temperatures: (a) T = 10 C, (b) T = 20 C, and (c) T = 40 C.
Fig. 6. The comparison of the creep response between experimental measurements
and model predictions at T = 40 Cand stress levels of (a) r = 500 kPa and (b)
r = 750 kPa.5.3. Uniaxial constant strain rate
In this subsection, the model predictions are compared to the
available experimental data for the uniaxial constant strain rate
tests for further model veriﬁcation. Generally, material parameters
obtained from the stress control tests do not give a good prediction
for the displacement control cases. The reason is due to the mech-
anism that material experiences during the stress control and dis-
placement control tests. For displacement control case, aggregate
breakage occurs and binder is forced to squeeze out of the available
space between aggregates, which is not the case for the stress
M.K. Darabi et al. / International Journal of Solids and Structures 48 (2011) 191–207 203control tests (e.g. creep test). The same viscoelastic–viscoplastic–
viscodamage model parameters listed in Tables 3, 4, and 6 are used
to predict the uniaxial constant strain rate tests in Figs. 8–10,
where three different temperatures (10 C, 20 C, and 40 C) andFig. 8. Comparison of the experimental measurements and model predictions for
the constant strain rate tests at the reference temperature T = 20 Cand for different
strain rates. The model predictions of initial response, peak point, and post peak
region of strain–stress diagram agree well with experimental measurements.
Fig. 9. Comparison of the experimental measurements and model predictions for
the constant strain rate tests when T = 10 C.
Fig. 10. Comparison between the experimental measurements and model predic-
tions for the constant strain rate test when T = 40 C.three different strain rates (0.005/s, 0.0005/s, and 0.00005/s) are
considered for model validation. Comparisons of model predictions
and experimental measurements at the reference temperature,
20 C, for different strain rates are shown in Fig. 8. Fig. 8 shows that
the model is able to capture strain rate effect on initial response,
post-peak behavior, and peak point of the stress–strain diagram.
Moreover, the shape of the stress–strain diagram for the model
prediction and experimental measurements are very similar. Com-
parison between the model predictions and the experimental dataFig. 11. Model predictions for damage density versus strain at different strain rates.
(a) T = 10 C, (b) T = 20 C, and (c) T = 40 C.
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ﬁgures clearly show that the temperature- and rate-dependent re-
sponses of the HMA materials can be captured by the proposed
model.
It is emphasized again that predictions are carried out using one
set of material parameters along with the temperature dependent
terms which are determined from stress control tests. The damage
density versus the total strain for the model predictions that corre-
spond to Figs. 8–10 is plotted in Fig. 11 for different strain rates
and temperatures. Again, Fig. 11 shows that damage is close to zero
at low strain levels. The maximum value of the rate of the damage
density occurs at the peak point of the stress–strain diagram. The
damage rate decreases after the stress–strain peak point. One
may consider the inﬂection point of the damage density-strain dia-
gram as the strain at which the maximum nominal stress occurs.
6. Parametric study
6.1. Creep
Once the thermo-mechanical viscoelastic–viscoplastic–visco-
damage model parameters are determined, the model can be used
for predicting creep response of HMA at different temperatures
and stress levels up to failure. Hence, the implementedmodel along
with the identiﬁedmaterial parameters are used to predict the creep
response for awide range of temperatures, but at the same stress le-
vel of 1000 kPa. These predictions are shown in Fig. 12. Fig. 12(a) andFig. 12. Model predictions of the creep response at different temperatures when
r = 1000 kPa.(b) show that for low temperatures (10 C and 15 C) the tertiary
ﬂow does not occur even after long loading times, whereas tertiary
ﬂow occurs very fast at higher temperatures.
6.2. Uniaxial constant strain rate
The effect of viscodamage model parameters in Eq. (41) on
stress–strain response for the constant strain rate loading case is
investigated in this section. The parametric study on different
parameters of the model is conducted at T = 20 C and
_e ¼ 0:0005=s. The effect of the damage viscosity parameter Cu0 on
the stress–strain and the damage density-strain responses is
shown in Fig. 13. As it can be seen from Fig. 13(b), Cuo affects
the rate at which damage grows. In fact, lower damage viscosity
values delay the damage growth. It is noteworthy that both the
viscoplasticity and viscodamage viscosity parameters have the
dimension of s1. They also have similar effects on the rates of
viscoplastic strain or viscodamage density. In fact, the viscoplastic-
ity viscosity parameter, Cvp, delays or accelerates the evolution of
the viscoplastic strain, whereas the viscodamage viscosity param-
eter delays or accelerates the damage density evolution in the
material.
Stress–strain and damage density-strain diagrams for different
k values in Eq. (41) are plotted in Fig. 14. Unlike the effect of
parameter Cu0 , which affects the damage density value and stress
strain diagram proportionally, the effect of k is signiﬁcant at highFig. 13. Effect of parameter Cu0 on (a) stress–strain diagram and (b) damage
density-strain diagram.
Fig. 15. Effect of parameter q on (a) stress–strain diagram and (b) damage density-
strain diagram.Fig. 14. Effect of parameter k on (a) stress–strain diagram and (b) damage density-
strain diagram.
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different values for Cu0 do not change the typical shape of the
stress–strain diagram at post-peak regions, whereas different val-
ues of k slightly change the shape of the stress–strain diagram at
the post-peak region.
Stress–strain and damage density-strain graphs are plotted in
Fig. 15 for different values of the stress dependency parameter q.
The most important effect of the parameter q is that it controls
the shape of the stress–strain diagram at the post-peak region. It
determines how steep the softening region could be. Moreover,
by setting the proper value for q, one can set the shape of the dam-
age density-strain diagram to be compatible with speciﬁc material
which is under study. Most of the times the S-like shape for dam-
age density versus strain is reasonable. As it is obvious from
Fig. 15(b), the damage density versus strain is an S-like function
and its characteristics changes by different q values.
The most important aspect of the proposed damage model is
that the peak point occurs at the point when the damage density
rate has its maximum value. This behavior was expected since
the damage force, Y, is selected to be the nominal value instead
of the effective one. The reference damage force, Y0, is the last
parameter of the viscodamage model to be investigated qualita-
tively. Fig. 16(a) and (b) show the stress–strain and damage den-
sity-strain diagrams for different Y0 values, respectively. These
ﬁgures show that Y0 does not signiﬁcantly affect the shape of
stress–strain diagram and the damage density-strain diagram. This
parameter keeps the shape and changes the peak values in thestress–strain diagrams. Hence, one can control the peak point
and the post-peak behavior of the stress–strain diagram by select-
ing proper values for Y0 and q, respectively.
7. Conclusions
The focus of this study is on the development of temperature,
rate-, and time-dependent continuum damage model coupled to
temperature-dependent viscoelasticity and viscoplasticity models
for accurately predicting the nonlinear behavior of asphalt mixes.
Computational algorithms are presented for numerically integrat-
ing and implementing the proposed constitutive model in ﬁnite
element codes. The use of the effective stress concept in continuum
damage mechanics greatly simpliﬁes the numerical implementa-
tion of the highly nonlinear constitutive models presented in this
study. A systematic procedure for identifying the thermo-visco-
elastic, thermo-viscoplastic, and thermo-viscodamage model
parameters is presented. Especially, it is shown that the viscodam-
age model parameters can be determined simply by analyzing the
secondary and tertiary creep responses of asphalt mixes occurring
in the creep tests. Comparing the experimental results and model
predictions for the creep test reveals that the damage model
should be a function of both stress and strain tensors. The damage
model is enhanced by incorporating a parameter that accounts for
the difference in damage under compression and extension state of
stresses. Viscoelasticity and viscoplasticity responses are formu-
lated to be functions of temperature using the temperature
time-shift factor concept. The results show that the temperature
Fig. 16. Effect of parameter Y0 on (a) stress–strain diagram and (b) damage density-
strain diagram.
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function and viscoplasticity ﬂow rule. Comparisons of the creep-
recovery tests at different temperatures show that making both
viscoelasticity and viscoplasticity temperature-dependent through
the temperature time-shift factors works well over a range of
temperatures.
The viscodamage model is coupled with temperature using an
exponential multiplicative term in the viscodamage evolution
law. Model predictions are compared with experimental data for
the case of creep test at different temperatures and stress levels.
These comparisons show that despite the fact that the viscoelastic-
ity and viscoplasticity temperature time-shift factor does not
match the experiments very well at high temperatures, the tem-
perature-dependent viscodamage model predicts the experimental
measurements very well. The time at which tertiary creep occurs
and the slope of secondary creep region are in good agreements
with experimental results.
The calibrated model is used to model the uniaxial constant
strain rate tests over a range of temperatures and strain rates.
The results validate the model since its predictions of the numeri-
cal results compare well with the experimental measurements val-
idating the model capabilities.
The present analysis only considers creep-recovery, creep, and
uniaxial constant strain rate tests; therefore, it is necessary to ana-
lyze more different tests and more experimental data to fully val-
idate the proposed model. Furthermore, since the ultimate goal isto predict the response of asphalt concrete mixes during its service
life, it seems necessary to include environmental factors (e.g. mois-
ture, aging) in the model. Particularly, the inclusion of moisture-
induced damage which is one of the most important factors in
deteriorating the asphalt concrete mixes during their service life
is important. The focus of future works by the authors will be on
incorporating in the present constitutive model moisture-induced
damage, aging, and healing continuum-based constitutive models,
and on applying the constitutive model to predict the realistic
pavement response during its service life.
Acknowledgement
Authors acknowledge the ﬁnancial support provided by Qatar
National Research Fund (QNRF), Federal Highway Administration
through the Asphalt Research Consortium, and Southwest
University Transportation Center.
References
Abaqus, 2008. Version 6.8, Habbit, Karlsson and Sorensen, Inc., Providence, RI.
Abdulshaﬁ, A., Majidzadeh, K., 1985. Combo viscoelastic–plastic modeling and
rutting of aphaltic mixtures. Transportation Research Record 968,
Transportation Research Board, Washington, DC, pp. 19–31.
Abu Al-Rub, R.K., Voyiadjis, G.Z., 2003. On the coupling of anisotropic damage and
plasticity models for ductile materials. International Journal of Solids and
Structures 40, 2611–2643.
Abu Al-Rub, R.K., Masad, E.A., Huang, C.W., 2009. Improving the Sustainability of
Asphalt Pavements through Developing a Predictive Model with Fundamental
Material Properties. Final Report Submitted to Southwest University
Transportation Center, Report # SWUTC/08/476660-0007-1, pp. 1–45.
Abu Al-Rub, R.K., Voyiadjis, G.Z., 2009. Gradient-enhanced coupled plasticity-
anisotropic damage model for concrete fracture: computational aspects and
applications. International Journal of Damage Mechanics 18 (2), 115–154.
Belloni, G., Bernasconi, G., Piatti, G., 1979. Creep damage models. In: Creep of
Engineering Materials and Structures. Applied Science Publishers, London.
Bousshine, L., Chaaba, A., De Saxce, G., 2001. Softening in stress–strain curve for
Drucker–Prager nonassociated plasticity. International Journal of Plasticity 17,
21–46.
Cela, J., 2002. Material identiﬁcation procedure for elastoplastic Drucker–Prager
model. ASCE Journal of Engineering Mechanics 128, 586–591.
Chaboche, J.L., 2003. Damage mechanics. Comprehensive Structural Integrity 2,
213–284.
Chehab, G., Kim, Y.R., Schapery, R.A., Witczack, M., Bonaquist, R., 2002. Time-
temperature superposition principle for asphalt concrete mixtures with
growing damage in tension state. Asphalt Paving Technology 71, 559–593.
Chiarelli, A.S., Shao, J.F., Hoteit, N., 2003. Modeling of elastoplastic damage behavior
of claystone. International Journal of Plasticity 19, 23–45.
Christensen, R.M., 1968. On obtaining solutions in nonlinear viscoelasticity. Journal
of Applied Mechanics 35, 129–133.
Cicekli, U., Voyiadjis, G.Z., Abu Al-Rub, R.K., 2007. A plastic and anisotropic damage
model for plain concrete. International Journal of Plasticity 23, 1874–1900.
Collop, A.C., Scarpas, A.T., Kasbergen, C., de Bondt, A., 2003. Development and ﬁnite
element implementation of stress-dependent elastoviscoplastic constitutive
model with damage for asphalt. Transportation Research Record 1832,
Transportation Research Board, Washington, DC, pp. 96–104.
Cozzarelli, F.A., Bernasconi, G., 1981. Non-linear creep damage under one-
dimensional variable tensile stress. International Journal of Non-linear
Mechanics 16, 27–38.
Cristescu, N., 1994. A procedure to determine nonassociated constitutive equations
for geomaterials. International Journal of Plasticity 10, 103–131.
Dessouky, S., 2005. Multiscale Approach for Modeling Hot Mix Asphalt. Ph.D.
Dissertation, Texas A&M University, College Station, TX.
Florea, D., 1994. Nonassociated elastic/viscoplastic model for bituminous concrete.
International Journal of Engineering Science 32, 87–93.
Gazonas, G.A., 1993. A uniaxial nonlinear viscoelastic constitutive model with
damage for M30 gun propellant. Mechanics of Materials 15, 323–335.
Graham, M., 2009. Damaged Viscoelastic–Viscoplastic Model for Asphalt Concrete.
M.S. Thesis, Texas A&M University, College Station, Texas.
Grenfell, J., Collop, A., Airey, G., Taherkhani, H., Scarpas, A.T., 2008. Deformation
characterisation of asphalt concrete behaviour. In: Proceedings of the AAPT.
Engineers’ Society of Western Pennsylvania, Philadelphia, USA, pp. 479–516.
Haj-Ali, R.M., Muliana, A.H., 2004. Numerical ﬁnite element formulation of the
Schapery non-linear viscoelastic material model. International Journal for
Numerical Methods in Engineering 59, 25–45.
Harper, B.D., 1986. A uniaxial nonlinear viscoelastic constitutive relation for ice.
Journal of Energy Resources Technology 108, 156–160.
Harper, B.D., 1989. Some implications of nonlinear viscoelastic constitutive theory
regarding interrelationships between creep and strength behavior of ice at
failure. Journal of Offshore Mechanics Arctic Engineering 111, 144–148.
M.K. Darabi et al. / International Journal of Solids and Structures 48 (2011) 191–207 207Huang, C.W., Masad, E., Muliana, A., Bahia, H., 2007. Nonlinear viscoelastic analysis
of asphalt mixes subjected to shear loading. Mechanics of Time-Dependent
Materials 11, 91–110.
Huang, C.W., Abu Al-Rub, R.K., Masad, E.A., Little, D., in press. Three dimensional
simulations of asphalt pavement performance using a nonlinear viscoelastic–
viscoplastic model. ASCE Journal of Materials in Civil Engineering.
Kachanov, L.M., 1958. On time to rupture in creep conditions. Izviestia Akademii
Nauk SSSR, Otdelenie Tekhnicheskikh Nauk 8, 26–31 (in Russian).
Kachanov, L.M., 1986. Introduction to Continuum Damage Mechanics. Dordrecht,
Nijhoff.
Kim, Y.R., Little, D.N., 1990. One-dimensional constitutive modeling of asphalt
concrete. ASCE Journal of Engineering Mechanics 116 (4), 751–772.
Kim, Y.R., Guddati, M.N., Underwood, B.S., Yun, T.Y., Subramanian, V., Heidari,
A.H., 2005. Characterization of ALF mixtures using the viscoelastoplastic
continuum damage model. Final report, Feheral Highway Administration.
Washington, DC.
Kim, Y.R., Guddati, M.N., Underwood, B.S., Yun, T.Y., Subramanian, V., Savadatti, S.,
Thirunavukkarasu, S., 2008. Development of a multiaxia viscoelastoplastic
continuum damage model. Final report, DTFH61-05-RA-00108 Project.
Kim, Y., Allen, D.H., Little, D.N., 2007. Computational constitutive model for
predicting nonlinear viscoelastic damage and fracture failure of asphalt
concrete mixtures. International Journal of Geomechanics 7, 102–110.
Kose, S., Guler, M., Bahia, H., Masad, E., 2000. Distribution of strains within hot-mix
asphalt binders. Transportation Research Record 1728, Transportation Research
Board, Washington, DC, pp. 21–27.
Krajcinovic, D., 1984. Continuum damage mechanics. Appied Mechanics Reviews
37, 1–6.
Lai, J., Baker, A., 1996. 3-D Schapery representation for nonlinear viscoelasticity and
ﬁnite element implementation. Computational Mechanics 18, 182–191.
Lee, C., Cozzarelli, F.A., Burke, K., 1986. One-dimensional strain-dependent creep
damage in inhomogeneous materials. International Journal of Non-linear
Mechanics 21, 303–314.
Lee, H.J., Kim, Y.R., 1998. A uniaxial viscoelastic constitutivemodel for asphalt concrete
under cyclic loading. ASCE Journal of Engineering Mechanics 124, 32–40.
Lemaitre, J., Chaboche, J.-L., 1990. Mechanics of Solid Materials. Cambridge
University Press, London.
Lemaitre, J., 1992. A Course on Damage Mechanics. Springer, Berlin.
Lemaitre, J., Desmorat, R., 2005. Engineering Damage Mechanics: Ductile, Creep,
Fatigue and Brittle Failures. Springer, Berlin.
Lu, Y., Wright, P.J., 1998. Numerical approach of visco-elastoplastic analysis for
asphalt mixtures. Computational Structure 69, 139–157.
Masad, E., Somadevan, N., 2002. Microstructural ﬁnite-element analysis of inﬂuence
of localized strain distribution of asphalt mix properties. Journal of Engineering
Mechanics 128, 1105–1114.
Masad, E., Tashman, L., Little, D., Zbib, H., 2005. Viscoplastic modeling of asphalt
mixes with the effects of anisotropy, damage, and aggregate characteristics.
Journal of Mechanics of Materials 37, 1242–1256.
Masad, E., Dessouky, S., Little, D., 2007. Development of an elastoviscoplastic
microstructural-based continuum model to predict permanent deformation in
hot mix asphalt. International Journal of Geomechanics 7, 119–130.
Muliana, A.H., Haj-Ali, R., 2008. A multi-scale framework for layered composites
with thermo-rheologically complex behaviors. International Journal of Solids
and Structures 45, 2937–2963.
Oda, M., Nakayama, H., 1989. Yield function for soil with anisotropic fabric. ASCE
Journal of Engineering Mechanics 15, 89–104.
Odqvist, F.K.G., Hult, J., 1961. Some aspects of creep rupture. Arkiv foK r Fysik 19,
379–382.
Park, S.W., Kim, R., Schapery, A.R., 1996. A viscoelastic continuum damage model
and its application to uniaxial behavior of asphalt concrete. Mechanics of
Materials 24, 241–255.
Park, S.W., Schapery, R.A., 1997. A viscoelastic constitutive model for particulate
composites with growing damage. International Journal of Solids and Structures
34, 931–947.
Peng, S.T.J., 1992. Constitutive equations of solid propellant with volume dilatation
under multiaxial loading – theory of dilatation and dewetting criterion. JANNAF
Propulsion Meeting, Indianapolis, IN.
Perl, M. Uzan, J., Sides, A., 1983. Visco–elasto-plastic constitutive law for bituminous
mixture under repeated loading. Transportation Research Record 911,
Transportation Research Board, Washington, DC, pp. 20–26.
Perzyna, P., 1971. Thermodynamic theory of viscoplastcity. Advances in Applied
Mechanics 11, 313–354.
Rabotnov, Yu.N., 1969. Creep Problems in Structural Members. North-Holland,
Amsterdam.
Robinson, E.L., 1952. Effect of temperature variation on the long-time rupture
strength of steels. Transactions on ASME 74, 777–780.
Saadeh, S., Masad, E., Little, D., 2007. Characterization of hot mix asphalt using
anisotropic damage viscoelastic–viscoplastic model and repeated loading. ASCE
Jouranl of Materials in Civil Engineering 19, 912–924.
Saadeh, S., Masad, E., 2010. On the relationship of microstructure properties of
asphalt mixtures to their constitutive behavior. International Journal of
Materials and Structural Integrity 4, 186–214.Sadd, M.H., Parameswaran, D.Q., Shukla, A., 2004. Simulation of asphalt materials
using ﬁnite element micromechanical model with damage mechanics.
Transportation Research Record 1832, Transportation Research Board,
Washington, DC, pp. 86–95.
Sadkin, Y., Aboudi, J., 1989. Viscoelastic behavior of thermo-rheologically complex
resin matrix composites. Composites Science and Technology 36, 351–365.
Scarpas, A., Al-Khoury, R., Van Gurp, C., Erkens, S.M., 1997. Finite element
simulation of damage development in asphalt concrete pavements. In:
Proceedings of the 8th International Conference on Asphalt Pavements.
University of Washington, Seattle, pp. 673–692.
Schapery, R.A., 1969. On the characterization of nonlinear viscoelastic materials.
Polymer Engineering and Science 9, 295–310.
Schapery, R.A., 1974. Viscoelastic behavior and analyses of composite materials.
Composite Material 5, 85–168.
Schapery, R.A., 1975. A theory of crack initiation and growth in viscoelastic media,
Part l: Theoretical development, Part II: Approximate methods of analysis, Part
III: Analysis of continuous growth. International Journal of Fracture 11, 141–
159. 369–388, 549–562.
Schapery, R.A., 1984. Correspondence principles and a generalized J integral for
large deformation and fracture analysis of viscoelastic media. International
Journal of Fracture 25, 195–223.
Schapery, R.A., 1987. Deformation and fracture characterization of inelastic
composite materials using potentials. Polymer Engineering and Science 27,
63–76.
Schapery, R.A., 1990. A theory of mechanical behavior of elastic media with growing
damage and other changes in structure. Journal of the Mechanics and Physics of
Solids 38, 215–253.
Schapery, R.A., 1999. Nonlinear viscoelastic and viscoplastic constitutive equations
with growing damage. International Journal of Fracture 97, 33–66.
Schapery, R.A., 2000. Nonlinear viscoelastic solids. International Journal of Solids
and Structures 37, 359–366.
Schwartz, C.W., Gibson, N., Schapery, R.A., 2002. Time-temperature superposition
for asphalt concrete at large compressive strains. Transportation Research
Record 1789, 101–112.
Seibi, A.C., Sharma, M.G., Ali, G.A., Kenis, W.J., 2001. Constitutive relations for
asphalt concrete under high rates of loading. Transportation Research Record
1767, Transportation Research Board, Washington, DC, pp. 111–119.
Sides, A., Uzan, J., Perl, M., 1985. A comprehensive visco-elastoplastic
characterization of sand-asphalt under compression and tension cyclic
loading. Journal of Testing and Evaluation 13, 49–59.
Simo, J.C., 1987. On a fully three-dimensional ﬁnite-strain viscoelastic damage
model: formulation and computational aspects. Computer Methods in Applied
Mechanics and Engineering 60, 153–173.
Sjolind, S.G., 1987. A constitutive model for ice as a damaging viscoelastic material.
Cold Regions Science and Technology 41, 247–262.
Skrzypek, J., Ganczarski, A., 1999. Modeling Material Damage and Creep Failure of
Structures. Springer, Berlin.
Sullivan, R.W., 2008. Development of a viscoelastic continuum damage model for
cyclic loading. Mechanics of Time-Dependent Materials 12, 329–342.
Tan, S.A., Low, B.H., Fwa, T.F., 1994. Behavior of asphalt concrete mixtures in triaxial
compression. Journal of Testing and Evaluation 22, 195–203.
Tashman, L., Masad, E., Little, D.N., Zbib, H., 2005. A microstructure-based
viscoplastic model for asphalt concrete. International Journal of Plasticity 21,
1659–1685.
Touati, D., Cederbaum, G., 1998. Post buckling of nonlinear viscoelastic imperfect
laminated plates, Part I: Material considerations. Composite Structures 42, 33–
41.
Underwood, B.S., Kim, Y.R., Guddati, M.N., 2006. Characterization and performance
prediction of ALF mixtures using a viscoelastoplastic continuum damage model.
Asphalt Paving Technology 75, 577–636.
Uzan, J., 2005. Viscoelastic–viscoplastic model with damage for asphalt concrete.
ASCE Journal of Materials in Civil Engineering 17 (5), 528–534.
Voyiadjis, G.Z., Kattan, P.I., 1999. Advances in Damage Mechanics: Metals and
Metals Matrix Composites. Elsevier, Oxford.
Voyiadjis, G.Z., Abu Al-Rub, R.K., Palazotto, A.N., 2003. Non-local coupling of
viscoplasticity and anisotropic viscodamage for impact problems using the
gradient theory. Archives of Mechanics 55, 39–89.
Voyiadjis, G.Z., Abu Al-Rub, R.K., Palazotto, A.N., 2004. Thermodynamic
formulations for non-local coupling of viscoplasticity and anisotropic
viscodamage for dynamic localization problems using gradient theory.
International Journal of Plasticity 20, 981–1038.
Wang, W.M., Sluys, L.J., de Borst, R., 1997. Viscoplasticity for instabilities due to
strain softening and strain-rate softening. International Journal of Numerical
Methods in Engineering 40, 3839–3864.
Weitsman, Y., 1988. A continuum damage model for viscoelastic materials. Journal
of Applied Mechanics 55, 773–780.
Zeinkiewicz, O., Humpheson, C., Lewis, R., 1975. Associated and non-associated
visco-plasticity in soils mechanics. Journal of Geotechnique 25, 671–689.
Zolochevsky, A., Voyiadjis, G.Z., 2005. Theory of creep deformation with kinematic
hardening for materials with different properties in tension and compression.
International Journal of Plasticity 21, 435–462.
